.,
fora § Suufaat

(Proofs in Mathematics)

**Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters
— VLADIMIR ARNOLD <

A.1.1 95T (Introduction)

Hel IX, X T XIH BH &, 95 hoF, o o e, foaay qon gfqumes
ey IR AR, S e, e g FHArHs faa=m a5t Geheurel o an
" 1% g <l

Tel &n T el 6 fag (vifE) s %) fafa= fafual w faer s

A.1.2 3uafed ==& 2 (What is a Proof?)

fepelt TftTeia smer 1 Suufa o el 1 Tk eTshH Stafdte el 8, ek goish e
o sfiferca o ferelt aRenforg o5 o1 Tt stfpeia = farelt Ut @remr grr wwfore shed
€, T8 frmfae fafy 9on $o smaRtanfod Uei 511 shael ek atfeher Framt 1 wamT
ek ol wqaifed fran S <=t =i

39 YR Yesh SUdf e qenl &1 us o B @, S @ geis 6t et
UReheaATd o Firshe Bid 71 etferhat B0 foRdt Tre i1 3EH XU gu qeal @ e dfa
3 fag wW T g Ff-Ff Team w1 g fag w7 T ST0eT STh GAT A
1 TG T A 2ial 81 39 YR frelt e i foag & w1 < fafuat weivla e
€, IHd: Yo SUY SUel SIycael SUUMd qel sUeh SAfdiekd Weush fafer § o
fir-fir ek e §, Tt ==t e &1 T 2

YeaeT IUUTA I8 WA % 98 IYUMd 7, 9 =W @19 ¥9 | ued qe 9 UnRy o
e T I9afd T W 2
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(i) Hrem-drem SWEA (Approach) T Tehl 1 Teh J@el €, S Y&H <@l shicdd
Al ¥ Y IR ek, sTPETal, uRwifua ogi qen qd yeifora WAt - wewE
T ek & Feml o van gr, fag fhu oM el frend i g s 21

frafafEa e W faar +ifs:
TEETOT 19 ¥ —Sx+6=0d x=3q x=2 3l

T - 5x+ 6 =0 (& ?)
= (x=3) (x—2)=0 (% HF & Jod 9 § IEeH W)
=  x-3=0;x—2=0 (TIM WA ab=0Td a=0Ab=0,a, b RFN)
=  x-3+3=0+3AWx—2+2=0+2 (THH & A Y& H TOH &N S
T 3T ghfa aRafda &l et 21)
= x+0=32|1x+0=2(W%WW#W(Identity)W%
TR 5)
= x=3AMx=2 (AN o AFq qUlieh o TTHH T[0T o FAF )
X=5x+6=0=x=3ATx=2
Tl p UEA HUA U’ —Sx+6=0"% 3N g = wem “x=3AMx=2" Bl
FHUT p ok AP 12— 5y + 6!, THh oA Tk 3 el (x—3) (x—2) ¥
gfeeenfid w2 % B9 Tk =S 1 “(x - 3) (x—2) = 0" T W B
(i) =H (x—3) (x —2) TFl ThR oh 22— 5x+ 6 o TOH (qed) € 2
(i) TRl =HSTeh i SHeh THM Ueh o1 o4sieh § 84 ¥ Wiaeeiid &Y Tehd © 2370
T wom 1 e fusel wmenst ° s g o Y e © e
X=5x+6=x*-3x-2x+6=x(x-3)-2(x-3)=x-3)(x-2)
T WY qeh o oY ®9 (dek o 9oEl) gN E9E el 2l

T SWA r YIRS (Premise) I A ®UF @ W@l 2, @@ e
st “x—3=0 FAx—2=0" s Bl €| Tesh =T (steps) 1 3MTecd sissh (brackets)
" fea 21
TE Wieha TR T ook werdl el © St qeh g Sifan TRt W e w8e Wi g

qeh HT TR HEQeAd A R 48 YW e H ? fE p =¢
A Bl

p ¥ IRY Feh A SN p =r =5 =... =¢ &I JANUG HIGC 34:
“p =g TA Rl
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Tfora ® syafeai 199
IETET0T 2 THg HIT T B f: R SRS fx) = 2x + 5 GR1 GRAING B, T Toheh!
(one-one) el ®
Suufa WW%W}”W@Tﬂzlﬁif(xl)=f(x2)=>xl=x2
(THHT HE HT TR
G UE AT R f(x) = f(x,) FA 20+ 5=2x,+ 5

= 2x+5-5=2x,+5-5 (M wel § WA WA Sed W)

= 2x+0=2x,+0

= 2x, = 2x, (ArEfash HEANSA H AT TE@HE HT 00
= %xl = %xz (S Tl sh1 T YRR He ¥ fasifsid 3 )
= X, =X,

Td: e Tohah! ¢

(i) TrOTE ST

Tfordta S, WAl i fag e w1 T v fata 7, fwe wwe i

g 21 39 fafy o syufa piedw fefafed s w® smenfa g6 2

N & & U4 3uaq==d S H, AR
(i) Yrehd "&A 1 e S dAM
(i) Wpd @& k+1e SVa &Mt ke S,MS=N

ToTeiter ST T fagia 7 € o 4K Tk e “S(n), n=1 % fog @ & (31en
et e URf9e We j o fau o ©) 3R 9f€ oM n =k foq 9 e | e
fafifed & foh 98 n=k+ 1 ok forg srfara: o1 @ (S0 eft o quifer & > j), a1 w&w
wo fRelt off o7 quiies n, 5T 1> j o fow ¥ @ R

379 B P ISR o B

cos® sin© cosn® sinn 6}

—sin n©® cosnO

mswﬁ:A:[ } ?ﬁﬁ?@@ﬁﬁA":[

—sin® cos O

cosn® sinn 6}

—sin n©® cosnO

el 9 foran fo P(n):Anz[
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% 1 cos©® sin©
T e P(1): A= —sin® cos 6
3d: P(1) 9 2
o WM e T Pk) @ €, e
. coskO® sink©

Py A=\ _Gnke cosk®

Al en fag T =ed ® T Pk + 1) @ §, 59 &t P(h) T ©, 39fq
o cos(k+1)0 sin(k+1)6 5
Ple+ DA™ =1 Gnk +1)0 cos (k+1)0]
: AR = AF A
T P(k) 91 @, g@fer

Akl [ cosk © sinke} { cos 6 Sine}

| —sink ©® cosk© —sin® cos 6

[ cosk B cos ©—sink Osin 0 cosk Osin © +sin k © cos O
—sin k©®cosO—coskOsin® —sin k ©sin O+ cos k 6 cos O

(3T o1 5T0)

[cos (k+1)0 sin(k+1)0
| —sin(k +1)0  cos (k+1)6

APk + 1) T B, 519 S P(k) A 2
AT P(n), n ok i AEl (e quiish) o ferw @ 21
(iii) fafr= feafaat o fawsT grT srtgar f:9moT grT SUut

FUA p =q H Tag HE H1 7 fafe saat aft dug 2, 5@ p HI 3FH weHA!
r, s, t (mm)ﬁﬁ@%ﬁﬁmmwﬁém%pﬂv S v t(ﬁﬁ“v”‘;l'cﬁT:F
g “ar o fao)

g Fufaay Hemt ro=q;
N ﬁq;
qen 1 =q
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wforg ® syufaar 201
1 YA R S, @ (r v s v 1) =¢, OG5 8 ST 3R 3 TR p =g
o e 2
7@ fafy o uftered &1 Yoier W9 90 1 Sire1 Wil g1 e fafy seeiis w9
T ohaet qdft giaursHe € oW fa@ued g uw weHl 1 @ w4 el

saretor 4 T fBqs ABC, # fag sifse f&

a=bcosC+ccosB
T WM WST T p U “ABC U 519 ® Gl g e
“a= bcos C+ccos B”®
A ofifS fF ABC weh frq 21 it A @ BC (STE¥Ishd{@R SgE ) W e
AD gifem|
=8 T ¢ for u e a1 @ = Bgs @ sifrenior et a1 gHeRie e
@W%W%‘qpaﬁ r, s adl tﬁﬁ'@ﬁ@ﬁﬂv_{m%,ﬁlﬁ
r: ABC T =i fruqst 7, fogd £ C =gahivn &)
s : ABC T& atfusraniol foruqet ©, fomad £ C aferskarion 21
t: ABC T wwshivl fiaet ®, fsmd 2 C wwahion 21
Id: BH WeA i Sue il Guest & fae srem-sem fag w2
I (i) 5o L A, £ B, q% £ C & & =epior € (3mepfa Al.1)
gashv 195 ADB, g0

BD
AB =cos B A
37eAiq BD =AB cos B=ccos B
gashu fA199s ADC g1 . b
CD c
AC = Cos
37eAiq CD = AC cos C - [] c
_b C D a D A 3
—Peos 3TTeRfd A1.1
SiC| a=BD + CD

=ccos B+ bcosC .. (1)
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9T (i) ST £ C Aferehepton @ (3Mepfa A1.2)
gashu A5 ADB §R0

BD
E =cos B
37eAiq BD = AB cos B
=ccos B

v st ADC 8N

CDh
—— =cos £ ACD

AC
=cos (180 - C)
—cos O 3TTeRfT A1.2
37eAiq CD =-AC cos C
=—bcosC
3™ a=BC=BD-CD
37eAiq a=ccos B—(—-bcosC)
a=ccos B+ bcosC .. 2)
<900 (iii) 919 £ C GHHIOT € (3Tepfd A1.3) A
191 ACB, g/
BC
EzcosB . ,
3emiq BC = AB cos B
e a =c cos B,
b cos C=bcos90°=0 u
¥q: &Y for@ g € a=0+ccosB B a C
=bcosC+ccosB STFT A1.3 ... 3)

TR (1), (2) A1 (3) W &9 uW B, o fonelt forqwr ABCH
a=bcosC+ccosB

TIM () W =q FH0E 2

FIM (i) ¥ 5 =g TH0 2l

qAqT T (jii) ¥ 1 =g T B

FA: (r v s v 1) =g THIU B AU p =g THI0E 2,
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AU SUUf: I T TreA i WY YA i oh TaS |, §H 39k AHqA
fordt Tre i fag #Hieh, U89 WIe 1 FHIE i €
(i) Terenfea grr Suufs (Reductio Ad Absurdum):
Tl TH 3@ Al W YR hid © o Teheu W © e Rt oted ®1 ek oh
i o 9 5N e 39 et R wEed € R U 9 9ot e, o B, S U
feieiferd 21 o7d: Yo oM T © 39 Tafdl & Uk IS g HHE B
SETEI0T 5 WH AYRT H@AS 1 GH==g AR (Infinite) B1T 21
T 9 WitST o HE 3199 GEemst (Prime Numbers) &1 S==@ P& S eaiifia
21 81 TH A ok 19 (Negation) i, S1ifd T 19 G o1 G=a3 IR
T ®, T I o €, erefiq e 19T Geel 1 gqeea ufifid €1 safae g gas
S TEnsH H YAEE H Thd §| AF WS fF P, P, P,,..., P, HNE I9RA

st wt g T o " e
N= (P, P,P..P) +1 e (D)

172 73"

e 7 fF N o gemsti &t gt o 96 ®, Fife ge g & e off wen
q s 2
NI & 9T H& € a1 U Ge 2

If% N 1970 T € @ (1) ¥ T 2 8 & T T 19 g w1 i
?, S g # 7 2

T @R, A% N Ush T G €, Tl 3Uh1 %A ¥ %A Th F9 9t (Divisor)
T =fewl W T &1 wE off Ten N fawfea (pie ®) T = @hd €, Fife
ST et o g1 N ol Ta9IfSa s W SIohel Td | o=al B1 37 N ol 3190
ISt T ok SR IS 3T HEA €

fohq 78, T FoF &1 fF 70 qeft 1T wemedt &t g o ot €, feRwife 1
TH TR AR JHUROT T geft o1y Semet & e ufifhd ©, e R
q: gt A9 WS 1 W= UG e 2l

| fooott | (e <ifSe o SRl Swufa o fafer=r <enstl # fomve gr swufa
1 fare 1 3yEn o 2)

(ii) WS HAT T YlaeATHe: ( contrapositive ) YT oF WANT gRT SUUTA:
T8l FUfaay FoF p =g F 95 FH F WM W 89 3Tk GAqT YA
~ g =~ p &I fag wwd € (foenefl ugead w1 genfua Y T 7)1

foret fu g wufaeyr wem o skt qen uReea &1 faf g & 374 9 Jois &

%A W W YS9 o 1 GiauHcHe HeF ol B
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SEAETT 6 THg SN T £(x) = 2x + 5 g0 TR Fe £: R R Theb! Her 2

&l Seld Qaﬂ_‘ﬁ B €, AR fx) =f(x,) =x, = x,.
WEl'*:ﬁ"'[Elo_@h‘BﬁEI'HTﬁTIHEh_FIT%ﬁF“le+5=2x2+5”=>“xl=x2”?3|76’p=>q,$
Y T T, Tl 20+ 5=2x,+ 5HA p B AMx, =x, F2F ¢ T 39 a1 1 37 I
2 ¥ “yeaw fafu” grn fag & g 2

TH 39 USW HH o FiauHcH e o FAN gRT oy e "ehd €1 fRw g
FUT F UAEAEF FI ~ g =~ p T, A “AR f(x) = f(x) Tx =x" FH
TfaeAeTR § <A x#x, W) £ S(x)”

A X, #X,

= 2x, #2x,

= 2x+5#2x,+5
= flx) #f(x,).

TR “~ g =~ p”, X “p =¢” TAGA B, TH WHR SUI 9o B
SETETUT 7 WA HifT foh “AfE @mege A, Invertible €, @ A, Non-singular 8"
FoT I HOH h FdlohTcHh €9 | fa@H W p =y &l p HH “3TMHE A, invertible
%” qdl g 99 “A, non-singular %I”

Y HoH I YHIN HH o TS H &H Gk YIdUHHE HUF ki YHIUE L ©,
31iq A A TF non-singular 8 &l g, 3TE A invertible =&l 2
If A TH non-singular 38 &I 2 ol TRt e g3 1Al =02

“l‘if 1 i T 8, FFIAI=0

31d: A, Invertible T&t 2l
T YR 94 I8 YA o feon o afs At non-singular Gﬂaﬁqﬁ%ﬂ){A,
invertible &l 2| ?ﬂﬂf'v[ ~q =~ Dp.
q: I T 3Tgg A invertible % ar A non-singular %I
(iii) YISTEIUT (counter example) GRT Suura:
TIfora o sfder ® WH oTeeR off o €, v foRdt afteRfeud ATt &1 9y

IYAFd G H o G GAH STEEA B ST © SN SHATIhR IR0 & TAHHA i
sifafradar stfoffa o wdt 2

T frufd o o7 o B 6, oM 1 e fag 9 & fou, g9 T 39w
%3 Toh| FRdt oM i STHRT F ol ST TSR0 HEA B

EE At =
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Fifeh e p =g F1 G, W ~ (p =q) 1 ohelel AH Teh STUM Bl &1 3
Tg off sudfd 1w fafy 2

SETETUT 8 HUF: TAF ne N&F U, (52 + 1) TH 1907 TE&A 2

7g wYA F=fafEad Jeon o TUR W Tsh 999 9 U T ol
S+ 1=224 1=5 % T% 19T we 2
)+ 1=2041=17 5 & 21907 wem 2
27+ 1=2841=257 1 & & 9 2l
Tafa, gom 3fic ¥ g8 =arqHisor 9Et gdia g @1 sfadTen g yfqurfea
fom T 2% 4 1 = 22 4+ 1 = 4294967297 T NN Hem W@ 2wt
4294967297 = 641 x 6700417 €1 Sl < T 1 UGS € (1 91 T o Afaier)
T YR T8 ATHIH T “Yeh noh Tl 22" + 1 T AT &N Vne N
IEA B
TS Shelel I€ Teh a0 foh 22 + | 39 &l €, 1 SEeUl SAIshishUl i Gied
F0 o fau v 2
31d: g g R fon fF oM “Ud@a% ne N& fau, 22" + 1 T& 3199 @&
27 ¥ Tl 2
SETET0T 9 HA ‘U Fad Ted STashedd Bl g1” W faEr it
suufa: gn fefafed wer W faer o[ €
O f@=x
(i) gx) =e
(i) h (x) =sinx
3 gt B x o |l HHT o foT Haa ©1 A% g9 s © feer s a3
x o el AEl o T sraeRer €1 98 B 39 faverd & fau ufa v @ fF e
“Yeieh Had wer SfeeherE Bl €7 EWed Bl fohg A€ BH Wwer “o(x) = IxI” Wi
HeTHAATIAl 1 e Y, S fh Had €, @ 8H 2@d € o T8 x= 0 W Aeherg T&l
21 3HeT Acqd T g3 o e “ ycdeh Had el Sfeeheria il @7 3TEed @1 her
“O(x) = | x|” T helel I Teh @, SATTHIHIU] i Ted Hid o T gaia 2| 37a:
HE “O(x) = |xI” i TG T HeA rufq, ‘e Tad wer tdeheta g 2" o
T HT I FEd B

4

> —
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